The Marvel of Higher Order Finite Element
Methods: Unlocking Advanced Mathematics
41

In the vast landscape of mathematics, there is a fascinating realm known as
Advanced Mathematics 41. It is here that the true beauty of higher order finite
element methods is discovered. These methods represent a powerful tool that
has revolutionized the field, enabling scientists and mathematicians to solve
complex problems with a level of precision and accuracy previously

unimaginable.

Finite element methods (FEM) are numerical techniques used to approximate
solutions to partial differential equations (PDESs). In layman's terms, they allow us
to break down complex problems into simpler, more manageable pieces. The
higher the order of the finite element method, the more accurate and efficient the

solutions become.

The Evolution of Finite Element Methods

Finite element methods have come a long way since their inception. Initially, they
were primarily used for structural analysis in engineering. However, with
advancements in computational power and algorithms, finite element methods

found their way into the realm of advanced mathematics.
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One particular breakthrough was the development of higher order finite element
methods. These methods introduced polynomials of higher degrees, allowing for
more flexibility and precision in approximating solutions. This marked a pivotal

moment in the field of advanced mathematics.

The Superiority of Higher Order Finite Element Methods

What sets higher order finite element methods apart from their lower order
counterparts is their ability to accurately capture fine details of solutions. These
methods refine the approximations by introducing more degrees of freedom,

resulting in a much higher level of accuracy and convergence.

Moreover, higher order finite element methods have proven to be more
computationally efficient than traditional methods. Their ability to offer accurate
approximations while using fewer elements makes them a valuable tool in the

realm of advanced mathematics.

Applications of Higher Order Finite Element Methods

The applications of higher order finite element methods span across various

fields, including fluid dynamics, electromagnetism, and structural mechanics.
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These methods have been extensively used to solve complex problems involving

fluid flow, wave propagation, and structural optimizations.

For example, in fluid dynamics, higher order finite element methods have enabled
scientists to accurately model the flow of fluids around complex geometries, such
as aircraft and cars. This has significantly contributed to the development of

efficient and aerodynamic designs.

In structural mechanics, higher order finite element methods have allowed
engineers to analyze the behavior of complex structures under different loading
conditions. This has led to the development of safer and more efficient designs in

industries like aerospace and civil engineering.

Challenges and Ongoing Research

While higher order finite element methods have proven to be immensely
powerful, they do come with their own set of challenges. Validating and
accurately approximating solutions for problems with irregular geometries and

boundary conditions is still an ongoing area of research.

Researchers are continuously exploring ways to improve the efficiency of higher
order finite element methods, aiming to minimize computational costs while
maintaining high levels of accuracy. Techniques such as adaptivity and

parallelization are being investigated to tackle these challenges.

Higher order finite element methods represent a remarkable achievement in the
realm of advanced mathematics. Their ability to elegantly approximate solutions
with remarkable precision has revolutionized various fields, offering scientists and

mathematicians an unparalleled tool for solving complex problems.



As ongoing research continues to refine and improve these methods, we can

expect even more remarkable advancements that will further expand the frontiers

of mathematics.
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The finite element method has always been a mainstay for solving engineering
problems numerically. The most recent developments in the field clearly indicate
that its future lies in higher-order methods, particularly in higher-order hp-adaptive
schemes. These techniques respond well to the increasing complexity of
engineering simulations and satisfy the overall trend of simultaneous resolution of

phenomena with multiple scales.

Higher-Order Finite Element Methods provides an thorough survey of intrinsic
techniques and the practical know-how needed to implement higher-order finite
element schemes. It presents the basic priniciples of higher-order finite element
methods and the technology of conforming discretizations based on hierarchic

elements in spaces HM, H(curl) and H(div). The final chapter provides an
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example of an efficient and robust strategy for automatic goal-oriented hp-

adaptivity.

Although it will still take some time for fully automatic hp-adaptive finite element
methods to become standard engineering tools, their advantages are clear. In
straightforward prose that avoids mathematical jargon whenever possible, this
book paves the way for fully realizing the potential of these techniques and

putting them at the disposal of practicing engineers.
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